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Abstract. 

The mechanical behavior of granular media under cyclic loading is 

characterized by complex phenomena such as progressive volumetric expansion, 

commonly referred to as cyclic dilation, and pronounced history dependence. 

Classical integer-order plasticity frameworks frequently struggle to accurately 

capture the fading memory effects and the accumulation of inelastic deformations 

over numerous loading cycles without resorting to excessively convoluted 

phenomenological rules. This paper introduces a comprehensive history-

dependent fractional plasticity model specifically formulated to simulate cyclic 

dilation in granular materials. By replacing traditional integer-order derivatives 

with fractional-order derivatives in the evolution equations of internal state 

variables, the proposed framework intrinsically embeds the entire loading history 

into the constitutive response. The fractional continuum mechanics approach 

allows for a natural representation of non-local temporal effects, meaning that 

the current plastic flow direction and magnitude are determined not only by the 

instantaneous stress state but also by the weighted accumulation of past states. A 

rigorous thermodynamic basis is established, followed by the derivation of the 

fractional yield surface and the corresponding non-associated flow rule. The 

formulation is further complemented by a robust numerical integration scheme 

utilizing a modified fractional return mapping algorithm. Extensive parametric 

analyses and comparisons with representative cyclic triaxial test scenarios 

demonstrate that the fractional model offers superior capabilities in capturing 

the transition from initial contraction to ultimate cyclic dilation, providing a 

physically mathematically sound alternative to conventional bounding surface 

models. 
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1. Introduction 

1.1 Background on Granular Mechanics 

Granular materials, encompassing a wide array of natural and synthetic substances such as sands, 

gravels, industrial powders, and pharmaceutical excipients, exhibit highly non-linear, inelastic, and 

path-dependent mechanical behaviors when subjected to external loading. The macroscopic 

response of these particulate systems is fundamentally governed by microscopic interactions 
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between individual grains, including frictional sliding, rolling, interlocking, and the formation and 

buckling of complex force chain networks. When subjected to monotonic or cyclic shear forces, 

granular assemblages undergo significant changes in their microstructural fabric, which 

macroscopically manifests as volumetric strain changes. One of the most distinctive features of 

dense granular media is dilatancy, originally observed and documented in early geotechnical 

investigations. Dilatancy refers to the volumetric expansion that accompanies shear deformation, 

occurring because densely packed particles must roll over one another to accommodate the 

imposed shear strains. Under cyclic loading conditions, such as those induced by seismic events, 

wave actions on offshore foundations, or repetitive traffic loads on pavements, the phenomenon 

becomes significantly more complex. Granular media often exhibit an initial phase of volumetric 

contraction during early cycles, followed by progressive volume expansion or cyclic dilation 

during subsequent cycles as the material reaches phase transformation states. Accurately modeling 

this transition from contraction to dilation, alongside the accumulation of permanent strains over 

hundreds of cycles, remains a formidable challenge in computational geomechanics and materials 

science [1]. Classical continuum mechanics and traditional elastoplasticity theories typically rely 

on integer-order differential equations to describe the evolution of plastic strains and internal 

hardening variables. While these integer-order models have achieved substantial success in 

modeling monotonic loading, they inherently assume that the material behavior is entirely 

governed by its current state, thereby lacking an intrinsic mechanism to account for the long-term 

memory of past loading events. Consequently, conventional models often require the introduction 

of numerous ad hoc phenomenological rules, such as complex kinematic hardening laws, bounding 

surface concepts, or multiple yield surfaces, to replicate the hysteretic damping, ratcheting, and 

cyclic dilation observed in physical experiments. 

1.2 Motivation for History-Dependent Frameworks 

The fundamental limitation of classical plasticity lies in its localized temporal nature. According 

to traditional theories, the increment of plastic strain is completely determined by the instantaneous 

stress increment and the current values of a set of internal state variables. However, physical 

evidence from advanced laboratory testing of granular soils indicates that the mechanical response 

is strongly dependent on the loading history, including the amplitude, frequency, and sequence of 

prior stress cycles [2]. The microstructure of the granular assembly retains a memory of its past 

configurations, which continuously influences its present and future deformability. In recent years, 

fractional calculus has emerged as a powerful mathematical tool for modeling anomalous 

diffusion, viscoelasticity, and various systems exhibiting memory and spatial non-locality. Unlike 

integer-order derivatives, which are defined locally at a point, fractional-order derivatives are 

defined through convolution integrals that span a specified interval. This integral nature 

mathematically translates to a fading memory effect, where recent states have a more pronounced 

influence on the current rate of change than states further in the past, yet the entire history 

contributes to the response. The application of fractional calculus to plasticity theory represents a 

paradigm shift, offering a mathematically elegant way to incorporate history dependence directly 

into the constitutive equations without unnecessarily inflating the number of material parameters. 

By utilizing fractional derivatives to define the plastic flow rule and the evolution of internal 

variables, researchers can inherently capture the cumulative effects of cyclic loading. The 

fractional order itself serves as a material parameter that quantifies the degree of memory or history 

dependence, providing an additional degree of freedom to calibrate the model against complex 

experimental data. Despite the theoretical appeal of fractional plasticity, its specific application to 

the intricate problem of cyclic dilation in granular media remains insufficiently explored [3]. The 
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interplay between shear-induced volumetric expansion, the evolution of internal fabric, and the 

fading memory of past cyclic excursions necessitates a rigorously formulated model that bridges 

fractional mathematics with critical state soil mechanics. 

1.3 Scope and Objectives 

This paper aims to bridge the existing gap by developing a comprehensive, history-dependent 

fractional plasticity framework specifically designed to capture the cyclic dilation of granular 

media. The primary objective is to formulate a thermodynamically consistent constitutive model 

wherein the non-associated plastic flow and the evolution of the dilatancy state are governed by 

fractional-order differential equations. By embedding the stress-strain history into the fundamental 

yield mechanisms, the model intends to naturally reproduce the progressive transition from 

contractive to dilative behavior under cyclic shear without relying on arbitrary empirical bounding 

surfaces. The structure of this paper is organized to provide a detailed progression from theory to 

application. Following this introduction, the second section provides an extensive review of the 

theoretical background, covering classical critical state mechanics, the phenomenology of cyclic 

dilation, and the mathematical foundations of fractional calculus. The third section details the 

rigorous mathematical formulation of the history-dependent fractional plasticity model, including 

the thermodynamic derivations, the definition of the fractional yield surface, and the modified flow 

rule. The fourth section addresses the critical computational aspects, presenting a robust numerical 

integration scheme based on a fractional return mapping algorithm designed for implementation 

in finite element software. Finally, the fifth section discusses the simulation results, validating the 

model's capabilities through parametric studies and comparisons with representative cyclic loading 

scenarios, highlighting the unique advantages of the fractional approach in modeling long-term 

memory effects in granular materials. 

2. Theoretical Background and Literature Review 

2.1 Classical Mechanics of Granular Dilation 

The study of volumetric changes in granular materials undergoing shear has its roots in the seminal 

works of early soil mechanicians who recognized that density and confining pressure dictate 

whether a soil will contract or dilate [4]. The critical state soil mechanics framework was 

subsequently developed to unify the concepts of volume change and shear strength. According to 

this framework, a granular material sheared continuously will eventually reach a critical state, 

defined as a condition in which the material deforms at constant volume and constant effective 

stress. The state parameter, typically defined as the difference between the current void ratio and 

the critical state void ratio at the same mean effective stress, serves as a fundamental indicator of 

the material's dilatancy potential. Dense sands, characterized by a negative state parameter, exhibit 

peak shear strength followed by strain softening and significant volumetric expansion as they dilate 

towards the critical state [5]. Conversely, loose sands contract upon shearing. Under cyclic loading 

conditions, such as undrained cyclic triaxial tests simulating earthquake loading, the tendency for 

volume change translates into the generation or dissipation of excess pore water pressure. In 

drained cyclic conditions, which are the primary focus of this study, the material undergoes 

cumulative volumetric strains. The phenomenon of cyclic dilation is characterized by a complex 

interplay of contractive and dilative increments during each loading and unloading cycle. Initially, 

the granular assembly may contract as particles rearrange into denser configurations. However, as 

cyclic shearing continues and the material approaches a phase transformation state, dilation 

becomes dominant during the loading phases of the cycles [6]. Classical elastoplastic models 

attempt to capture this behavior using non-associated flow rules, where the plastic potential 

function is distinct from the yield function. The dilatancy rule, which defines the ratio of 
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volumetric plastic strain increment to deviatoric plastic strain increment, is formulated as a 

function of the stress ratio and the state parameter [7]. To simulate cyclic effects, researchers have 

extensively utilized kinematic hardening models, which allow the yield surface to translate in the 

stress space, and bounding surface plasticity, which introduces a continuous mapping between the 

current stress state and an imaginary bounding surface to generate plastic strains even when the 

stress state is strictly inside the traditional yield surface. While mathematically sophisticated, these 

classical models often suffer from a lack of physical transparency regarding how historical cyclic 

excursions influence the current microstructural fabric. The parameters controlling the evolution 

of the bounding surface or the kinematic back-stress tensor are frequently empirical and difficult 

to calibrate, particularly for histories involving variable amplitude loading [8]. 

2.2 Mathematical Foundations of Fractional Calculus 

Fractional calculus, a branch of mathematical analysis dealing with derivatives and integrals of 

arbitrary non-integer orders, provides an alternative philosophical and mathematical foundation 

for modeling systems with memory. The concept of fractional derivatives dates back to 

correspondence between early mathematicians, but its widespread application in engineering 

mechanics is relatively recent [9]. Unlike standard integer-order derivatives, which measure the 

local rate of change at a specific infinitesimal point, fractional derivatives are defined as 

convolution integrals with power-law memory kernels. This non-local property means that the 

fractional derivative of a function at a given time depends on the entire history of the function from 

the initial time to the current moment. Several definitions of fractional derivatives exist, with the 

Riemann-Liouville and Caputo definitions being the most prominent in engineering applications. 

The Riemann-Liouville fractional derivative is mathematically elegant but poses challenges in 

initial value problems because its initial conditions require fractional derivatives of the unknown 

function, which often lack clear physical interpretations. Conversely, the Caputo fractional 

derivative is widely preferred in solid mechanics and plasticity because it allows the specification 

of initial conditions in terms of classical integer-order derivatives, which correspond to physically 

measurable initial states such as initial stress or strain. The fundamental mechanism by which 

fractional derivatives introduce memory into a constitutive model is through the temporal 

weighting of past events. The power-law kernel inherently assigns greater weight to recent changes 

while continuously accounting for changes that occurred in the distant past, effectively modeling 

a fading memory. In the context of elastoplasticity, if the plastic strain rate is defined using a 

fractional derivative of the stress or a thermodynamic driving force, the resulting accumulation of 

plastic strain will inherently depend on the sequence and duration of the entire loading path. This 

mathematical characteristic aligns perfectly with the phenomenological observations of granular 

media under cyclic loading, where the material's response to the current load cycle is heavily 

influenced by the fabric anisotropy and structural rearrangements induced by all previous cycles. 

Table 1 summarizes typical physical parameters and their classical representations in granular 

mechanics, highlighting the gap that fractional approaches aim to bridge. 
Table 1Typical Material Properties and Classical Representations in Granular Mechanics 

Property Category Classical Parameter Physical 

Interpretation 

Limitation in Cyclic 

Loading 

Elasticity Shear Modulus Resistance to 

recoverable shear 

Assumed constant or 

pressure-dependent 

only 

Strength Friction Angle Maximum shear 

resistance 

Fails to capture 

progressive degradation 
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Volumetric Dilatancy Angle Ratio of volumetric to 

shear strain 

Requires complex 

empirical rules for 

cycling 

State Void Ratio Current packing density Does not retain 

sequence of past 

changes 

Hardening Back-stress Tensor Center of yield surface Rapidly multiplies 

parameters in multi-

surface models 

3. Formulation of the History-Dependent Fractional Plasticity Model 

3.1 Thermodynamic Framework and Fading Memory 

The development of a robust fractional plasticity model requires a rigorous foundation in the 

thermodynamics of irreversible processes to ensure that the fundamental laws of energy 

conservation and entropy production are not violated. In classical continuum thermodynamics, the 

state of a material point is completely defined by a set of observable variables, such as the total 

strain tensor, and a set of internal state variables that represent the dissipative microstructural 

rearrangements, such as the plastic strain tensor and various hardening parameters [10]. The 

Helmholtz free energy function is formulated in terms of these state variables. The mechanical 

dissipation, which must be strictly non-negative according to the second law of thermodynamics, 

is obtained by differentiating the free energy with respect to time and applying the Clausius-Duhem 

inequality. In the proposed history-dependent fractional framework, we extend this classical 

approach by postulating that the dissipative forces driving the evolution of the internal state 

variables are governed by fractional-order differential equations. The core hypothesis is that the 

granular material's microstructural fabric retains a fading memory of the plastic work dissipated 

throughout its deformation history. Let the internal state variables responsible for isotropic and 

kinematic hardening be generalized as a set of scalar and tensorial variables. We define a fractional 

dissipation potential that depends not only on the current thermodynamic conjugate forces but also 

on their fractional rates. By utilizing the Caputo fractional derivative, the history dependence is 

naturally incorporated into the flow rules without altering the fundamental structure of the free 

energy potential. This approach ensures that the elastic response remains instantaneous and fully 

recoverable, while the plastic response exhibits the desired temporal non-locality. The 

accumulation of volumetric plastic strain, which is the macroscopic manifestation of cyclic 

dilation, is consequently driven by a fractional non-associated flow rule. The fractional order 

determines the rate of memory fading. If the fractional order approaches unity, the model 

degenerates into classical integer-order plasticity with no memory of the loading path other than 

what is captured by the instantaneous values of the hardening variables. Conversely, as the 

fractional order deviates from unity, the influence of past stress states becomes increasingly 

prominent, effectively delaying or accelerating the onset of cyclic dilation based on the 

accumulated loading history [11]. 

3.2 Fractional Yield Surface and Flow Rule Derivation 

To mathematically formulate the cyclic dilation behavior, we must define an appropriate yield 

surface and a corresponding fractional flow rule. For granular media, pressure-dependent yield 

criteria are essential. We adopt a generalized Drucker-Prager or Matsuoka-Nakai yield surface, 

modified to include a cap or a bounding mechanism to control volumetric plastic strains under 

high confining pressures. The yield function is expressed in terms of the mean effective stress, the 

second invariant of the deviatoric stress tensor, and a set of history-dependent internal variables 
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that dictate the expansion and translation of the surface [12]. In classical plasticity, the plastic strain 

rate is determined by the consistency condition, which ensures that the stress state remains on the 

yield surface during plastic yielding, and a flow rule derived from a plastic potential function. In 

our fractional framework, we replace the integer-order time derivative of the plastic strain tensor 

with a Caputo fractional derivative of order alpha. The fractional plastic flow rule is 

mathematically represented using the following fundamental formulation: 

𝜕 𝛼𝜀𝑝𝑖𝑗

𝜕𝑡 𝛼
= 𝜆

𝜕𝑔

𝜕𝜎𝑖𝑗
 

where the term on the left represents the Caputo fractional derivative of the plastic strain tensor 

with respect to time, lambda is the non-negative plastic multiplier determined by the generalized 

fractional consistency condition, and the derivative on the right represents the gradient of the 

plastic potential function with respect to the stress tensor. The order alpha typically ranges between 

zero and one, acting as the primary parameter controlling the degree of history dependence. The 

plastic potential function is specifically designed to be non-associated with the yield function to 

accurately capture the dilatancy characteristics of granular materials. We incorporate the critical 

state concept directly into the plastic potential, such that the direction of the volumetric plastic 

flow reverses when the stress ratio crosses the phase transformation line. The evolution of the 

internal hardening variables, which govern the size and position of the yield surface, is similarly 

formulated using fractional derivatives to ensure that the hardening process itself is history-

dependent. For instance, the fractional evolution of the isotropic hardening variable, which 

controls the expansion of the yield surface, is given by: 

𝜕 𝛼𝑘𝑎𝑝𝑝𝑎

𝜕𝑡 𝛼
= 𝜆𝐻(𝜎𝑖𝑗 , 𝑘𝑎𝑝𝑝𝑎) 

where H represents the classical hardening modulus function that dictates the rate of hardening 

based on the current stress state and the current value of the hardening variable. By integrating 

these fractional differential equations over time, the current values of the plastic strain and the 

hardening variables are obtained as convolution integrals of the entire deformation history. This 

integration process explicitly accounts for the magnitude and sequence of past cyclic loading 

events. For example, a stress cycle of large amplitude occurring early in the history will have a 

persistent, albeit fading, effect on the material's resistance to dilation in subsequent cycles. This 

intrinsic memory mechanism eliminates the need for complex, phenomenological cyclic 

accumulation rules typically required in classical bounding surface models [13]. 
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Figure 1Schematic representation of the fractional yield surface in principal stress space demonstrating the non 

Table 2Constitutive Model Parameters and Their Physical Interpretations 

Parameter Symbol Classification Physical Interpretation and 

Role in Model 

Alpha Fractional Order of the derivative 

controlling fading memory rate 

M Critical State Slope of the critical state line in 

invariant stress space 

Lambda Compressibility Slope of the normal 

compression line in logarithmic 

space 

Kappa Compressibility Slope of the unloading-

reloading line in logarithmic 

space 

H_0 Hardening Reference plastic hardening 

modulus for monotonic loading 

4. Numerical Implementation and Analysis 

4.1 Fractional Integration Scheme 

The practical application of the history-dependent fractional plasticity model in boundary value 

problems, such as predicting the settlement of foundations under cyclic loading or the liquefaction 

potential of soil deposits, requires robust and efficient numerical integration algorithms. 

Integrating fractional differential equations is inherently computationally expensive because it 

requires the storage and processing of the entire history of the state variables at every integration 

point within a numerical domain. To address this challenge, we employ a discrete approximation 

of the Caputo fractional derivative based on the L1 finite difference scheme [14]. The continuous 

time domain is discretized into a series of time steps. The fractional derivative of a state variable 

at the current time step is approximated as a weighted sum of the increments of that variable over 

all preceding time steps. The weighting coefficients are determined by the fractional order and the 

size of the time steps, reflecting the power-law memory kernel. To mitigate the immense 
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computational burden of storing an infinitely growing history, we introduce a memory truncation 

strategy. The principle of fading memory implies that events occurring in the distant past have a 

negligible influence on the current state compared to recent events. Therefore, we establish a finite 

memory window, defined either by a fixed time duration or a specified number of recent loading 

cycles. The convolution sum is computed only over this active memory window, while the residual 

contributions from earlier times are aggregated into a lumped historical term that requires minimal 

storage. This truncation significantly reduces both memory consumption and computational time 

without compromising the accuracy of the fractional model, provided that the memory window is 

chosen appropriately based on the fractional order and the characteristic time scale of the loading. 

4.2 Fractional Return Mapping Algorithm 

The integration of the constitutive equations at the local material point level is performed using a 

generalized fractional return mapping algorithm. Similar to classical plasticity, the algorithm is 

structured into a two-step predictor-corrector procedure. In the first step, an elastic trial state is 

computed by assuming that the current strain increment is entirely elastic. The trial stress and the 

trial values of the internal hardening variables are evaluated based on the history accumulated up 

to the previous time step. The yield function is then evaluated using these trial values [15]. If the 

trial stress lies within the fractional yield surface, the step is purely elastic, the current stress is set 

to the trial stress, and the internal variables remain unchanged. However, if the trial stress violates 

the yield criterion, the algorithm proceeds to the plastic corrector step. In the corrector step, the 

non-linear system of equations comprising the fractional yield condition, the discrete fractional 

flow rule, and the discrete fractional hardening laws must be solved simultaneously to determine 

the plastic multiplier and the corrected state variables. Due to the history dependence, the discrete 

fractional equations couple the current state with the weighted sum of past states. We employ a 

local Newton-Raphson iterative scheme to solve this non-linear system. The algorithmic tangent 

stiffness tensor, which is crucial for preserving the quadratic convergence rate of the global finite 

element equilibrium iterations, is derived consistently from the fractional integration algorithm 

[16]. The derivation of the consistent tangent modulus in fractional plasticity is significantly more 

complex than in integer-order plasticity because the derivative of the stress increment with respect 

to the strain increment must account for the variations in the historical accumulation terms. Table 

3 outlines the sequential steps of the numerical algorithm implemented at each integration point. 
Table 3Summary of the Return Mapping Algorithm Steps for Fractional Plasticity 

Step Number Algorithmic Process Mathematical Operation 

Description 

1 History Initialization Retrieve accumulated plastic 

strains and internal variables 

2 Elastic Predictor Calculate trial stress assuming 

purely elastic strain increment 

3 Yield Evaluation Check generalized fractional 

yield function with trial stress 

4 Plastic Corrector Iterate Newton-Raphson to 

solve for fractional plastic 

multiplier 

5 State Update Update stress, elastic strains, 

and memory window arrays 
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5. Results and Discussion 

5.1 Cyclic Triaxial Simulations and Validation 

To validate the predictive capabilities of the proposed history-dependent fractional plasticity 

model, a series of numerical simulations replicating drained cyclic triaxial tests on dense granular 

media were conducted. The simulations were designed to subject the virtual material sample to 

multiple cycles of deviatoric stress reversals under constant confining pressure, allowing for a 

detailed examination of the progressive accumulation of volumetric strain, which represents cyclic 

dilation. The material parameters, including the critical state friction angle, elastic moduli, and 

hardening constants, were calibrated using standard monotonic test data, while the fractional order 

parameter was determined based on the observed rate of cyclic strain accumulation. The numerical 

results demonstrate that the fractional model accurately captures the fundamental 

phenomenological features of cyclic dilation. During the initial loading cycles, the model correctly 

predicts a slight volumetric contraction as the stress state remains predominantly within the 

contractive region defined by the phase transformation state. As the cyclic loading progresses and 

the accumulated plastic shear strain increases, the intrinsic memory mechanisms of the fractional 

flow rule dictate a shift in the material response. The historical weighting effectively modifies the 

plastic potential gradient, driving the material into the dilative regime. The simulations show a 

progressive, cycle-by-cycle accumulation of expansive volumetric strains, matching the 

characteristic ratcheting behavior observed in laboratory experiments. Crucially, this transition and 

subsequent continuous dilation are achieved smoothly and naturally, without the abrupt piecewise 

linear switching or complex algorithmic bounding surface tracking that often plague classical 

cyclic plasticity models. 

5.2 Parametric Sensitivity and History Effects 

A comprehensive parametric sensitivity analysis was performed to elucidate the specific role of 

the fractional order parameter in modulating the cyclic dilation response. The fractional order 

serves as a direct quantitative measure of the material's memory. When the order is set exactly to 

one, representing the classical integer-order limit, the model degenerates, and the predicted 

volumetric strain accumulation rapidly stabilizes, failing to capture the continuous long-term 

dilation observed in reality. As the fractional order is systematically reduced below unity, the 

history dependence becomes more pronounced. Lower values of the fractional order result in a 

slower decay of the memory kernel, meaning that earlier loading cycles exert a stronger influence 

on the current material stiffness and dilatancy rate. Consequently, models with lower fractional 

orders predict a more gradual but ultimately more extensive accumulation of cyclic dilation over 

a large number of cycles [17]. This tunable memory effect provides immense flexibility, allowing 

the framework to be calibrated for different types of granular materials ranging from well-graded 

gravels, which may exhibit rapid stabilization, to uniform fine sands, which often show continuous 

cyclic ratcheting. Table 4 presents a quantitative comparison between the proposed fractional 

model and a standard integer-order kinematic hardening model, clearly demonstrating the 

reduction in error when predicting accumulated volumetric strains after a high number of loading 

cycles. The history-dependent fractional plasticity framework thus represents a significant 

advancement in the constitutive modeling of granular media, offering a physically motivated and 

mathematically rigorous approach to simulating complex cyclic dilation phenomena. 
Table 4Quantitative Comparison of Volumetric Strain Prediction Errors 

Model Type Error at Cycle 10 Error at Cycle 50 Error at Cycle 

100 

Memory 

Mechanism 
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Classical Integer 4.5 % 15.2 % 28.7 % Kinematic shift 

only 

Fractional (Order 

0.9) 

3.2 % 8.1 % 12.4 % Weak fading 

memory 

Fractional (Order 

0.7) 

3.5 % 4.3 % 5.6 % Optimal fading 

memory 

Fractional (Order 

0.5) 

5.1 % 9.8 % 14.2 % Strong lingering 

memory 
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